A conjecture on integer arithmetic which implies that there is an 
algorithm which to each Diophantine equation assigns an integer 
which is greater than the heights of integer (non-negative integer, 
rational) solutions, if these solutions form a finite set 
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Abstract. We conjecture that if a system S Q {x { = 1, Xi + Xj = Xk, X; ■ Xj = x k : 
i,j,k e {1, . . , ,«}} has only finitely many solutions in integers x\,...,x n , then 

each such solution (x\,...,x n ) satisfies |xi|, . . . , \x n \ < 2 . The conjecture 
implies that there is an algorithm which to each Diophantine equation assigns 
an integer which is greater than the heights of integer (non-negative integer, 
rational) solutions, if these solutions form a finite set. We present a MuPAD 
code whose execution never terminates. If the conjecture is true, then the code 
sequentially displays all integers n > 2. If the conjecture is false, then the code 
sequentially displays the integers 2,...,n- 1, where n > 4, the value of n is 
unknown beforehand, and the conjecture is false for all integers m with m> n. 

2010 Mathematics Subject Classification: 1 1D72, 1 1U05. 

Key words and phrases: algorithm, Diophantine equation, Diophantine equation 
with a finite number of integer (non-negative integer, rational) solutions, integer 
arithmetic, system of Diophantine equations. 

Let E n = {xi = 1, Xi + Xj = Xk, Xi • Xj = Xk : i, j,k e {1, . . . ,n}}. The following 
Conjecture contradicts to an old conjecture of Yu. Matiyasevich, see flU. 

Conjecture (L4J). If a system S Q E n has only finitely many solutions in integers 
Xi , . . . , x n , then each such solution {x\ , . . . , x n ) satisfies \xi\, . . . , \x n \ < 2 

For n > 2, the bound 2 cannot be decreased because the system 



X\ + X\ - 


= x 2 


X\ • X\ - 


= x 2 


X2 ' X2 - 


= *3 


X3 • Xj - 


= JC4 


Xn-1 ' Xfi—l 


X n 



2,4, 16, 256, . . ., 2 ,2 J. 
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Let T„ denote the set of all integer tuples (a\, . . . ,a n ) for which there exists 
a system S QE n such that (a\, . . . , a n ) solves S and S has at most finitely many 
solutions in integers x\, . . . , x n . If (a\, . . . , a n ) e T n , then (a\, . . . , a n ) solves the 
system 

Xi = 1 (all i G {1, . . . , n) with a, = 1) 
Xj + Xj = Xk (all i,j,ke {1, . . . , n) with a, + aj = a^) 
X{ ■ Xj = Xk (all i,j,ke { 1 , . . . , n\ with a t ■ aj = a^) 

which has only finitely many solutions in integers X\,...,x n . 

Theorem 1. The Conjecture is true for n < 3. 

Proof. Ti = {0,1}. r 2 consistsofthepairs(0,0),(l,l),(-l,l),(0,l),(l,2),(2,4) 
and their permutations. T 3 consists of the triples 

(0,0,0), (1,1,1), 

(-1,-1, 1), (0,0, 1), (1, 1, -1), (1, 1,0), (1, 1,2), (2, 2, 1), (2, 2,4), (4,4, 2), 
(1,-2,-1), (1,-1,0), (1,-1, 2), (1,0,2), (1,2,3), (1,2, 4), 
(2, 4, -2), (2, 4, 0), (2, 4, 6), (2, 4, 8), (2, 4, 16), 
(-4, -2, 2), (-2, -1,2), (3, 6, 9), (4, 8, 16) 
and their permutations. □ 
Every Diophantine equation of degree at most n has the form 

2^ a(/i,. . .,i k ) ■ x\ l ■ x[ k =0 

i\,...,i k e {0, ...,n] 
h + . . . + i k < n 

where a(i\,...,ik) denote integers. The Conjecture implies that if the above 
equation has only finitely many solutions in integers (non-negative integers, 
rationals), then their heights are bounded from above by a computable function 
of 

max({fc, n) U [\a{i u 4)1 : {h, . . . , 4 e {0, . . . , n}) A (h + . . . + i k < 
see 0| and [HI. 

Logicians believe in Matiyasevich's conjecture, but some heuristic argument 
suggests the opposite possibility. Below is the excerpt from page 135 of the 
book ED: 
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Folklore. If a Diophantine equation has only finitely many solutions then those 
solutions are small in 'height' when compared to the parameters of the equation. 
This folklore is, however, only widely believed because of the large amount of 
experimental evidence which now exists to support it. 

Below is the excerpt from page 12 of the article 0: 

Note that if a Diophantine equation is solvable, then we can prove it, since we will 
eventually find a solution by searching through the countably many possibilities 
(but we do not know beforehand how far we have to search). So the really hard 
problem is to prove that there are no solutions when this is the case. A similar 
problem arises when there are finitely many solutions and we want to find them 
all. In this situation one expects the solutions to be fairly small. So usually it is not 
so hard to find all solutions; what is difficult is to show that there are no others. 

That is, mathematicians are intuitively persuaded that solutions are small when 
there are finitely many of them. It seems that there is a reason which is common 
to all the equations. Such a reason might be the Conjecture whose consequences 
we have already presented. 

The validity of the Conjecture can be decided by a brute-force algorithm 
whose execution never terminates. This is what we are going to explain now. 

To each system S c E„ we assign the system S defined by 

(S \{ Xi = 1 : *e{l,...,n}})U 
{xi ■ xj = xj : i, j 6 {1, ... , n) and the equation x { = 1 belongs to S } 

In other words, in order to obtain S we remove from S each equation = 1 and 
replace it by the following n equations: 

Xi ■ X[ = X\ 

Xi ' X n — *>n 

Lemma 1. For each system S c E„ 

{(x\ , . . . , x n ) G TP : (jci, . . . , x n ) solves S } = 
{(jti, ...,x n )eZ": (x u . . . , x n ) solves S } U {((^^0)} 

n times 
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Corollary. The Conjecture is equivalent to VnA M , where A„ denote the statement 

Vx u ...,x n eZ3y u ...,y n eZ 

(2 2 "" 1 < \xi\ => (kil < fril V . . . V to | < \y n \)) A 
(Vi, j, £ e {1, . . . , n\ (x t + xj = x k => y t + yj = y k )) A 
Vi, j, k E {1, . . . , n} (x* ■ xj = x k => y ; ■ yj = y k ) 

Lemma 2. For all positive integers n, m with n < m, if the statement A„ fails 

for (xi , . . . , x n ) E Z" and 2 < \xy \ <2 , then the statement A m fails for 
{ X\, . . . , X\ , x%, . . . , x n ) E Z m . 

m-n+l times 

By the Corollary and Lemma [21 the Conjecture is equivalent to Vn*F„, where 
denote the statement 

Vxi,...,x„ EZ3y u ...,y n eZ 

(2 2 " 1 < |xi| = maxflxil, . . . , |x„|) < 2 2 " => (|xi| < |yi| V . . . V |xi| < |y„|)) A 

(V?, j, k E {1, ...,«} (x,- + x ; - = xt ^> y ; + y y - = y^)) A 

Vi,j,ke{l,...,n] (x t ■ xj = x k ^> y t ■ yj = y k ) 

In contradistinction to the statements A„, each true statement can be 
confirmed by a brute-force search in a finite amount of time. We describe an 
algorithm for this purpose. Let <„ denote the order on Z" which ranks the tuples 
(xi, . . . , x n ) first according to max(|xi|, . . . , |x„|) and then colexicographically. The 
ordered set (Z", <„) is isomorphic to (N, <). To confirm any true statement ¥„, 
it suffices to check all integer tuples (xi, . . . , x„) with pairwise distinct X\,...,x n 

which satisfy 2 Z < \x\\ < 2 A and |xi| > . . . > |x n |. To find appropriate integers 
yu ...,y„, we start the search from (yi, . . . ,y n ) = (-|xi| - 1, ... , -|xi| - 1) and 
continue the search in the order <„. If an appropriate tuple (yi, . . . ,y„) does not 
exist, then the algorithm does not terminate. 
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Execution of the following MuPAD code never terminates. 



X:=[-5,-5]: 
while 0=0 do 
n:=nops(X) : 
t:=0: 

for tl from 1 to n do 
for t2 from tl to n do 
for t3 from 1 to n do 

if X[tl]+X[t2]=X[t3] then t:=t+l end_if: 
if X[tl]*X[t2]=X[t3] then t:=t+l end_if: 
end_f or : 
end_f or : 
end_f or : 

if t>0 then print (X) end_if: 
B: = []: 

for t from 1 to n do 

B:=append(B,-max(abs(X[t]) $t=l. .n)-l) : 

end_f or : 

repeat 

m:=Q: 

S:=[l,l,l]: 
repeat 

if (X[S[1]]+X[S[2]]=X[S[3]] and B[S[l]]+B[S[2]]oB[S[3]]) 
then m:=l end_if: 

if (X[S[1]]*X[S[2]]=X[S[3]] and B[S[l]]*B[S[2]]oB[S[3]]) 

then m:=l end_if: 

i:=l: 

while (i<=3 and S[i]=n) do 

i:=i+l: 

end_while : 

if i=l then S[1]:=S[1]+1 end_if: 
if i=2 then 
S[l] :=S[2]+1: 
S[2] :=S[2]+1: 
end_if : 

if (i=3 or i=4) then 
S[l] :=1: 
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S[2]:=l: 
S[3] :=S[3]+1: 
end_i£ : 

until (S[3]=n+1 or m=l) end_repeat: 
Y:=B: 

b:=max(abs(B[t]) $t=l..n): 
w:=max(abs(B[t]) $t=2..n): 
q:=l: 

while (q<=n and B[q]=b) do 
q:=q+l : 
end_while : 

if (q=l and w<b) then B[l]:=b end_i£: 

if (q=l and w=b) then B[1]:=B[1]+1 end_if: 

if (q>l and q<=n) then 

for u from 1 to q-1 do 

B[u] :=-b: 

end_f or : 

B[q] :=B[q]+l: 

end_if : 

if q=n+l then 

B: = []: 

for t from 1 to n do 
B:=append(B,-b-l) : 
end_f or : 
end_if : 

until m=0 end_repeat: 
t:=0: 

for tl from 1 to n do 
for t2 from tl to n do 
for t3 from 1 to n do 

if X[tl]+X[t2]=X[t3] then t:=t+l end_if: 
if X[tl]*X[t2]=X[t3] then t:=t+l end_if: 
end_f or : 
end_f or : 
end_f or : 

if t>0 then print([X,Y]) end_if: 
b:=max(abs(X[t]) $t=l..n): 
w:=max(abs(X[t]) $t=2..n): 
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q:=l: 

while (q<=n and X[q]=b) do 

q:=q+l: 

end_while : 

if (q=l and w<b) then X[l]:=b end_i£: 

if (q=l and w=b) then X[l] :=X[1]+1 end_if: 

if (q>l and q<=n) then 

for u from 1 to q-1 do 

X[u] :=-b: 

end_f or : 

X[q]:=X[q]+l: 

end_if : 

if q=n+l then 

X: = []: 

for t from 1 to n do 
X:=append(X,-b-l) : 
end_f or : 
end_if : 

if max(abs(X[t]) $t=l . .n)>2H2 A n) then 
print (n) : 
X: = []: 

for t from 1 to n+1 do 
X:=append(X,-l-2 A (2 A n)) : 
end_f or : 
end_if : 
end_while : 

Lemma 3. If an integer tuple (x\,. . . , x n ) satisfies 

2 2 " 1 <\x l \ = max(\x 1 \,...,\xn\)<2 2n 

and the statement is false for (xi, . . . , x n ), then the statement ^ n+ \ is false for 
the integer (n + l)-tuple {x\, x\, . . . , x n ) which satisfies 

2 T < \x\\ = max(|x?|, |x x |, . . . , \x n \) < 2 T+l 
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Applying Lemma[3l we conclude that the code sequentially displays all integers 
n > 2 for which the statement *F„ is true. The computed pairs ((jci , . . . , x n ), (y\ , . . . , y n )) 
are displayed only in the non-trivial case when 

3i,j,kG {!,..., n) (Xi + xj = x k V x t ■ xj = x k ) 

If the sentence Vri¥ n is false, then the code displays some integer tuple (xi, . . . , x n ) 
for which 

2 2 "" 1 <max(|x 1 |,...,|x n |) < 2 2 " 

and an appropriate tuple (y u . . ., y n ) does not exist. In this case, the output is finite 
and the tuple (x\, . . . , x n ) appears at its end. This proves the following Theorem[2] 

Theorem 2. Execution of the code never terminates. If the Conjecture is true, then 
the code sequentially displays all integers n>2. If the Conjecture is false, then 
the code sequentially displays the integers 2,...,n- 1, where n > 4, the value ofn 
is unknown beforehand, and the Conjecture is false for all integers m with m> n. 

The commercial version of MuPAD is no longer available as a stand-alone 
product. The presented code can be executed by MuPAD Light, which was and is 
free. MathWorks, the makers of MATLAB, has incorporated MuPAD technology 
into Symbolic Math Toolbox, which is partially compatible with MuPAD Light. 
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